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a b s t r a c t
For a connected graph G = (V , E), an edge set S ⊂ E is a restricted edge cut if G − S
is disconnected and there is no isolated vertex in G − S. The cardinality of a minimum
restricted edge cut of G is the restricted edge connectivity of G, denoted by λ′(G). A graph G
is calledminimally restricted k-edge connected ifλ′(G) = k andλ′(G−e) < k for each edge
e ∈ E. A graph G is λ′-optimal if λ′(G) = ξ(G), where ξ(G) is the minimum edge degree
of G. In this paper, we prove that every minimally restricted k-edge connected graph has
at least three edges of degree k, and if furthermore λ′(G) 6= 4, then there are at least four.
Examples show that the lower bounds are best possible.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A network can be conveniently modelled as a graph G = (V , E). A classic measure of fault tolerance of a network is the
edge connectivity λ(G). In general, the larger λ(G) is, themore reliable the network is [2]. For λ(G) ≤ δ(G), where δ(G) is the
minimum degree of G, a graph Gwith λ(G) = δ(G) is said to be λ-optimal. A graph G is said to beminimally k-edge connected
if λ(G) = k and for any edge e in E(G), λ(G − e) < k. A minimally k-edge connected graph always has a vertex of degree
k [8]. There are many researches on the lower bound of the number of degree k vertices in a minimally k-edge connected
graph [4,9,15]. In this paper, we study an analogous problem for minimally restricted edge connected graphs.
Let G be a connected graph. An edge set S ⊂ E is said to be a restricted edge cut of G if G− S is disconnected and there is
no isolated vertex in G− S. The restricted edge connectivity of G, denoted by λ′(G), is the cardinality of a minimum restricted
edge cut of G. Not all graphs have restricted edge cuts. Those which do have restricted edge cuts are called λ′-connected. It
is proved in [5] that for any connected graph G of order at least 4 which is not isomorphic to the star K1,n−1, λ′(G) exists,
and λ′(G) ≤ ξ(G), where ξ(G) = min{dG(uv) = dG(u) + dG(v) − 2 : uv ∈ E} is the minimum edge degree of G, dG(uv) is
the degree of edge uv. Wang and Li showed that the larger λ′(G) is, the more reliable the network is [12]. So, a graph Gwith
λ′(G) = ξ(G) is called a λ′-optimal graph. There are many researches on λ′-optimal graphs (see for example [1,6,10,13,14]).
A graph G is calledminimally restricted k-edge connected if λ′(G) = k and λ′(G− e) < λ′(G) for each edge e ∈ E(G). When
there is no need to specify the value of λ′(G), wemerely sayminimally restricted edge connected. It is implied in the definition
that λ′(G− e) exists and λ′(G− e) = λ′(G)− 1 for each edge e. So, we do not consider the case that there is a pending edge
in G, and thus δ(G) ≥ 2. Note that graphs on at most three vertices are not λ′-connected, and the only minimally restricted
edge connected graphs on four vertices are the 4-cycle, the complete graph K4, and K−4 , where K
−
4 is obtained from K4 by
deleting an edge. Hence when we mention minimally restricted edge graph in the following, we assume that it has at least
five vertices. Hong, Liu, and Zhang have proved that every minimally restricted edge connected graph is λ′-optimal [7]. In
this paper, we prove that every minimally restricted k-edge connected graph has at least three edges of degree k, and if
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furthermore λ′(G) 6= 4, then there are at least four. Examples show that the lower bounds are best possible. This also gives
another proof to the above result that a minimally restricted edge connected graph is always λ′-optimal.
Next, we introduce some terminologies used in this paper.
For two vertex sets A1, A2, denote by [A1, A2] the set of edges between A1 and A2. For a vertex set A ⊆ V (G), G[A] is
the subgraph of G induced by A, A = V (G) \ A is the complement of A. Write W (A) = [A, A], ω(A) = |W (A)|, and
dA(U) = |[U, A \ U]|. A vertex set A is called a λ′-fragment, if [A, A] is a restricted edge cut with ω(A) = λ′(G). Clearly,
if A is a λ′-fragment, then A is also a λ′-fragment, and both G[A] and G[A] are connected (by the minimality of [A, A]). A λ′-
fragment with the minimum cardinality is called a λ′-atom. The cardinality of a λ′-atom is denoted by α′(G). It is proved by
Xu and Xu [13] that a graph G is λ′-optimal if and only if α′(G) = 2, that is, the subgraph of G induced by every λ′-atom is an
edge. The number of λ′-atoms in G is called the λ′-atom number of G. With these terminologies, our results can be restated
as: the λ′-atom number in a minimally restricted edge connected graph is at least three, and if furthermore λ′(G) 6= 4, then
at least four.
For simplicity of notation, we sometimes use a graph itself to represent its vertex set. For instance, when C is a subgraph
of G, |[C, C]| and ω(C) is used instead of |[V (C), V (C)]| and ω(V (C)); when V (C) is a λ′-fragment, we also say that C is a
λ′-fragment.
We define a subset A ⊆ V (G) to have property Puv , if e = uv is an edge in E(G), u ∈ A and v 6∈ A (note that the properties
Puv and Pvu are different). Aminimal λ′-fragment with property Puv is a λ′-fragment Awith property Puv such that any proper
subset of A is no longer a λ′-fragment with property Puv . Any minimally restricted edge connected graph G has a minimal
λ′-fragment with property Puv for each edge uv in G. In fact, since λ′(G − uv) = λ′(G) − 1, every λ′-fragment of G − uv
contains exactly one of u, v and is a λ′-fragment of G. Furthermore, by noting that A is a λ′-fragment of Gwith property Pvu,
it is easy to see that G has two disjoint minimal λ′-fragment with property Puv and property Pvu respectively.
Terminologies and notation not given here are referred to [3].
2. Main results
Lemma 1. Let G = (V , E) be a λ′-connected graph and A be a subset of V (G). If neither G[A] nor G[A] is independent, then
ω(A) ≥ λ′(G).
Proof. Let U1 be the set of singletons in G[A] and A1 = A \U1. Then let U2 be the set of singletons in G[A1] and A2 = A1 ∪U2.
Then neither G[A2] nor G[A2] has isolated vertex, and [A2, A2] ⊆ [A1, A1] ⊆ [A, A]. Hence ω(A) ≥ ω(A2) ≥ λ′(G). 
Lemma 2. Let G be a λ′-connected graph and B be a λ′-fragment of G with |B| ≥ 3. If U is a subset of B such that B \ U is not
independent, then dB(U) ≥ dB(U).
Proof. Let B′ = B \ U . Then ω(B′) = ω(B) + dB(U) − dB(U). Since neither G[B′] nor G[B′] is independent, by Lemma 1, we
have ω(B′) ≥ λ′(G) = ω(B). The result follows. 
Lemma 3. Let G be a λ′-connected graph, e = uv ∈ E(G), and A be a minimal λ′-fragment of G with property Puv . If |A| ≥ 3,
then
(a) dA(U) > dA(U) holds for any vertex subset U of A with u 6∈ U, G[U] being connected, and G[A \ U] being non-independent;
(b) dA(x) ≥ 2 holds for any vertex x(6= u) ∈ A with dG(x) ≥ 2.
Proof. (a) Suppose dA(U) ≤ dA(U). Thenω(A\U) = ω(A)+dA(U)−dA(U) ≤ ω(A) = λ′(G). Let C be a nontrivial component
of G[A \ U]. Since both G[C] and G[C] are non-independent, by Lemma 1, we have ω(A \ U) ≥ ω(C) ≥ λ′(G). It follows that
ω(C) = ω(A\U) = λ′(G), which implies that C = A\U is a λ′-fragment of Gwith property Puv , contradicting theminimality
of A.
(b) Let x(6= u) be a vertex in A. If G[A]−x is independent, then dA(x) ≥ 2 since |A| ≥ 3 and G[A] is connected. If G[A]−x is not
independent, taking U = {x} in (a), we have dA(x) > dA(x). Then it follows from dA(x) > 12 · (dA(x)+ dA(x)) = 12 · dG(x) ≥ 1
that dA(x) ≥ 2. 
Lemma 4. Let G be a λ′-connected graph with minimum degree δ(G) ≥ 2, e = uv ∈ E(G) and A be a minimal λ′-fragment of G
with property Puv . Suppose B is an arbitrary λ′-fragment of G such that none of B \ A, B ∩ A, A \ B and A ∪ B is an empty set. If
|A| ≥ 3 and |B| ≥ 3, then
(a) both G[A \ B] and G[A ∩ B] are connected;
(b) if u ∈ A ∩ B, then at least one of A ∩ B and A ∪ B is an independent set.
Proof. (a) We first show that G[A ∩ B] is connected. Suppose this is not true, let C1 and C2 be two components of G[A ∩ B].
Suppose, without loss of generality, that u 6∈ V (C1). Let U = V (C1). Then, by the connectedness of G[A] and G[B], neither
G[A \ U] nor G[B \ U] is independent. By Lemma 3(a) and Lemma 2, we have
dA(U) > dA(U) ≥ dB(U),
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and
dB(U) ≥ dB(U) ≥ dA(U),
a contradiction.
The proof of the connectedness of G[A \ B] is similar to that of G[A ∩ B]. The difference here is that since A \ B = A ∩ B,
we use B to replace B in the above deduction.
(b) Suppose neither A∩ B nor A ∪ B is an independent set. Then ω(A∩ B) ≥ λ′(G) and ω(A ∪ B) ≥ λ′(G) by Lemma 1. By the
well-known submodular inequality (see, for example, [11]), we see from
2λ′(G) ≤ ω(A ∩ B)+ ω(A ∪ B) = ω(A ∩ B)+ ω(A ∪ B) ≤ ω(A)+ ω(B) = 2λ′(G)
that ω(A∩ B) = λ′(G). But then it follows from the connectedness of G[A∩ B] that A∩ B is a λ′-fragment with property Puv ,
contradicting the minimality of A. 
The following observation will be used frequently in the proofs.
Observation 1. For an edge e = uv ∈ E(G), and a minimal λ′-fragment A of G with property Puv , if |A| ≥ 3, then any edge in
G[A] which is incident with u cannot be a λ′-atom of G.
In fact, if xu ∈ E(G[A]) is a λ′-atom, then {x, u} is a λ′-fragment with property Puv which is properly contained in A,
contradicting to the minimality of A.
An edge e is said to avoid a vertex u if e is not incident with u.
Lemma 5. Let G be a minimally restricted edge connected graph, e = uv ∈ E(G) and A be a minimal λ′-fragment of G with
property Puv . If |A| ≥ 3 and |A| ≥ 3, then there exists an edge xy in W (A) ∪ E(G[A]) such that x, y 6= u and {x, y} is a λ′-atom
of G.
Proof. Suppose, to the contrary, that
no edge inW (A) ∪ E(G[A])which is not incident with u is a λ′-atom of G. (1)
We shall derive a contradiction.
Since |A| ≥ 3, by Lemma 3(b), there exists an edge e1 = x1y1 ∈ G[A] avoiding u. Let B1 and B′1 be two disjoint minimal
λ′-fragments with property Px1y1 and property Py1x1 , respectively (note that such B1 and B
′
1 exist). By assumption (1) and
Observation 1, we see that |B1| ≥ 3 and |B′1| ≥ 3.
Claim. One of B1 and B′1 is a proper subset of A.
Suppose the claim is not true. Then B1 \ A 6= ∅ and B′1 \ A 6= ∅. As a consequence, A ∪ B1 6= ∅ and A ∪ B′1 6= ∅. By
Lemma 4(a), G[A ∩ B1], G[A ∩ B′1], G[A \ B1] and G[A \ B′1] are all connected. Replacing A and uv in Lemma 4(a) by B1 (or B′1)
and x1y1, respectively, we see that G[B1 \ A] and G[B′1 \ A] are also connected. We consider two cases.
Case 1. |A ∩ B1| = 1 or |A ∩ B′1| = 1.
Suppose, without loss of generality, that |A ∩ B1| = 1. Then A ∩ B1 = {x1}. Since |A \ {x1}| ≥ 2, |B1 \ {x1}| ≥ 2, and both
G[A \ {x1}](= G[A \ B1]) and G[B1 \ {x1}](= G[B1 \ A]) are connected, it follows from Lemma 3(a) and Lemma 2 that
dA(x1) > dA(x1) ≥ dB1(x1),
and
dB1(x1) ≥ dB1(x1) ≥ dA(x1),
a contradiction.
Case 2. |A ∩ B1| ≥ 2 and |A ∩ B′1| ≥ 2.
Exchanging the roles of A and B1 and replacing uv by x1y1 in Lemma 4(b), it follows from the connectedness of G[A∩ B1]
that A ∪ B1 is an independent set. Similarly, A ∪ B′1 is also an independent set. Thus |B1 \ A| = 1 and |B′1 \ A| = 1 since
G[B1 \ A] and G[B′1 \ A] are connected. Let B1 \ A = {z1}, B′1 \ A = {z2}. Since G[A] is connected and A− {z1} = A ∪ B1 is an
independent set, we see that G[A] is a star with center z1. Symmetrically, G[A] is also a star with center z2. Thus |A| = 2, a
contradiction and the claim is proved.
Suppose, without loss of generality, that B1 ⊂ A. Replacing A and uv in the above deduction by B1 and x1y1, by
noting that W (B1) ∪ E(G[B1]) ⊆ W (A) ∪ E(G[A]), and thus assumption (1) also holds for B1, we may obtain a minimal
λ′-fragment B2 ⊂ B1. Proceeding like this, a sequence of λ′-fragments of G, namely B1, B2, . . . , are constructed with
Bi+1 ⊂ Bi(i = 1, 2, . . .). But this is impossible since G is finite. 
Theorem 1. Every minimally restricted edge connected graph is λ′-optimal.
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Proof. Suppose G is a minimally restricted edge connected graph. In view of Xu’s result stated in the introduction [13], it
suffices to show that α′(G) = 2. Suppose to the contrary that α′(G) ≥ 3. Let uv be an edge of G, and A be a minimal λ′-
fragment of G with property Puv . Then |A| ≥ 3 and |A| ≥ 3. By Lemma 5, there is an edge in W (A) ∪ E(G[A]) which is a
λ′-atom of G, contradicting that α′(G) ≥ 3. 
This provides another proof of the λ′-optimality of minimally restricted edge connected graphs [7]. As a consequence of
Theorem 1, in a minimally restricted k-edge connected graph, an edge of degree k is a λ′-atom, and vice versa.
Lemma 6. Let G be a λ′-connected graph and uv be an edge of G. If {u, v} is not a λ′-atom, then dG(uv) > λ′(G).
Proof. Suppose dG(uv) ≤ λ′(G). Together with λ′(G) ≤ ξ(G) ≤ dG(uv), we have dG(uv) = ξ(G) = λ′(G). Since {u, v}
is not a λ′-atom, there exist some singletons in G − W ({u, v}). Let U be the set of singletons in G − {u, v}. If G − {u, v}
is not independent, then by Lemma 1, we have λ′(G) ≤ ω(U ∪ {u, v}) = ω({u, v}) − |[{u, v},U]| < dG(uv) = λ′(G), a
contradiction. Hence G − {u, v} is independent. Clearly, every vertex in U can only be adjacent to u and/or v, and thus has
degree 1 or 2. Let w be a singleton in U with the minimum degree. Suppose, without loss of generality, that w is adjacent
to u. By dG(uv) = ξ(G) ≤ dG(uw), we have dG(w) ≥ dG(v). If dG(w) = 1, then dG(v) = 1 and thus G is a star with center
u, which does not have restricted edge cut. If dG(w) = 2, then dG(v) = 2 and thus G is a triangle uvw with possibly some
singletons attached to u. In fact, such attached singletons do not exist sincew is chosen to have theminimum degree. Hence
G is a triangle which does not have restricted edge cut. In any case, we arrive at a contradiction. 
Lemma 7. Let G be a minimally restricted edge connected graph, uv ∈ E(G) and A be a minimal λ′-fragment with property
Puv . Suppose |A| ≥ 3 and |A| ≥ 3. If G[A] contains an edge xy as a λ′-atom of G, then there exists another λ′-atom x′y′ in
E(G[A]) ∪W (A) such that x′y′ 6= xy and x′, y′ 6= u.
Proof. Suppose, to the contrary, that
there is no λ′-atom in E(G[A]) ∪W (A) except xy and edges incident with u. (2)
By Observation 1, we have x, y 6= u. Let B and B′ be two disjoint minimal λ′-fragments with property Pxy and property
Pyx, respectively. Similar to the proof of Lemma 5, one of B and B′ is a proper subset of A, say B. By the minimality of A,
we have u 6∈ B. By assumption (2), |B| ≥ 3. Replacing A by B in Lemma 5, there is a λ′-atom in W (B) ∪ E(G[B]) \ {xy} ⊆
W (A \ {u}) ∪ E(G[A \ {u}]) \ {xy}, contradicting to (2) and Observation 1. 
Lemma 8. Let G be a minimally restricted edge connected graph, uv ∈ E(G) be a λ′-atom of G, and A be a minimal λ′-fragment
with property Puv . Suppose |A| ≥ 3, |A| ≥ 3 and there exists a λ′-atom xy in W (A) \ {uv} (x ∈ A). If
there is no λ′-atom in E(G[A]) ∪W (A) except xy and edges incident with u, (3)
then
(a) A is a minimal λ′-fragment with property Pxy.
(b) dG(v) = dG(y) = 2.
Proof. (a) Suppose this is not true. Then there exists a minimal λ′-fragment B ⊂ A with property Pxy. By the minimality of
A, we see that u 6∈ B. Hence x 6= u. By assumption (3) and Observation 1, we have |B| ≥ 3. Then by Lemma 5, there exists a
λ′-atom inW (B) ∪ E(G[B]) \ {xy} ⊆ W (A \ {u}) ∪ E(G[A \ {u}]) \ {xy}. By Observation 1, this λ′-atom is not incident with
u. We arrive at a contradiction to (2).
(b) Denote by A1 = A \ {u, x}. It can be proved that A1 is an independent set. In fact, if G[A1] contains an edge z1z2, let B1, B′1
be two disjoint minimal λ′-fragments with property Pz1z2 and property Pz2z1 , respectively. Then a contradiction follows by a
similar argument as in Lemma 7. For each z ∈ A1, dA(z) ≥ 2 by Lemma 3(b). So zx, zu ∈ E(G) and dA(z) = 2. Taking U = {z}
in Lemma 3(a), we have dA(z) < dA(z) = 2. So dG(z) ≤ 3. By Observation 1, uz is not a λ′-atom. Hence by Lemma 6, it
follows from dG(uv) = ξ(G) < dG(uz) that dG(v) ≤ dG(z) − 1 ≤ 2. Similarly dG(y) ≤ 2. Since G is a minimally restricted
edge connected graph implies that δ(G) ≥ 2, (b) is proved. 
Theorem 2. Every minimally restricted k-edge connected graph G has at least three edges with degree k.
Proof. In view of Theorem 1, this theorem is equivalent to say that there are at least three λ′-atoms in G. We consider two
cases.
Case 1. There exist a λ′-atom uv and a minimal λ′-fragment Awith property Puv such that |A| ≥ 3 and |A| ≥ 3.
By Lemma 5, there exists a λ′-atom xy in E(G[A]) ∪W (A)with x, y 6= u. A third λ′-atom can be found as follows.
(i) If xy ∈ E(G[A]), then a third λ′-atom exists by Lemma 7.
(ii) If xy ∈ W (A) and dG(v) ≥ 3 (or dG(y) ≥ 3), then a third λ′-atom exists by Lemma 8.
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(iii) In the case xy ∈ W (A) and dG(v) = dG(y) = 2, let A′ ⊆ A be a minimal λ′-fragment with property Pvu. If |A′| = 2,
then A′ is a third λ′-atom. If |A′| ≥ 3, we see that y 6∈ A′, since otherwise dA′(y) ≤ dG(y) − 1 = 1 would lead to a
contradiction to Lemma 3(b) (note that y 6= v since otherwise v is an isolated vertex in G[A′]). Then a third λ′-atom
follows from Lemma 5 (applied to A′).
Case 2. For any λ′-atom uv and any minimal λ′-fragment Awith property Puv , |A| = 2 or |A| = 2.
Suppose there are at most two λ′-atoms of G. We shall derive a contradiction.
Given a λ′-atom uv, let A be a minimal λ′-fragment with property Puv . Suppose, without loss of generality, that |A| = 2.
Let A = {v,w}. Then vw is a λ′-atom of G. By our assumption, except for uv and vw, all the other λ′-fragments have order
at least 3. Let B be a minimal λ′-fragment with property Pwv . Then |B| = 2 or |B| = 2, and thus B or B is a λ′-atom. Since uv
and vw are the only two λ′-atoms in G, we see that B = {u, v} and |B| ≥ 3. Let bc be an edge in E(B) avoidingw, and B1, B′1
be two disjoint minimal λ′-fragments with property Pbc and property Pcb, respectively. Then |B1| ≥ 3 and |B′1| ≥ 3. Suppose,
without loss of generality, that v 6∈ B1. By Lemma 5, there exists a λ′-atom xy inW (B1)∪ E(G[B1]). Then xy is uv or vw. First
consider the case that xy = uv. Then uv is inW (B1) and thus B1 is a λ′-fragment with property Puv . Let C ⊆ B1 be a minimal
λ′-fragment with property Puv . Then |C | = 2 or |C | = 2, and thus C or C is uv or wv. Since v 6∈ C , we see that |C | = 2. On
the other hand, since C ⊇ B1 ⊇ B′1, we have |C | ≥ |B′1| ≥ 3, a contradiction. The case xy = vw can be considered similarly.
The theorem is proved. 
In the following, we have to find a fourth λ′-atom provided λ′(G) 6= 4.
Lemma 9. Let G be a minimally restricted edge connected graph, uv ∈ E(G) be a λ′-atom of G, and A be a minimal λ′-fragment
with property Puv . Suppose |A| ≥ 3, |A| ≥ 3 and there exist two λ′-atoms x1y1 and x2y2 in W (A) \ {uv} (x1, x2 ∈ A). If
(i) one of dG(y1) and dG(y2) is at least 3, and
(ii) there is no other λ′-atom in E(G[A]) ∪W (A) except x1y1, x2y2 and the edges incident with u,
then
(a) A is a minimal λ′-fragment with property Pxiyi (i = 1, 2).
(b) A1 = A \ {u, x1, x2} is an independent set.
(c) dG(v), dG(y1), and dG(y2) are all≤ 4.
Proof. (a) By symmetry, we only show that A is a minimal λ′-fragment with property Px1y1 . Suppose this is not true. Let
A′ ⊆ A be a minimal λ′-fragment with property Px1y1 . By the minimality of A, we have u 6∈ A′. Then it follows from condition
(ii) that |A′| ≥ 3. If x2 6∈ A′ or x2 = x1, then by Lemma 5, there exists a λ′-atom of G in G[A′] ∪ W (A′) not incident with
x1, and thus different from x1y1 and x2y2. By Observation 1, this λ′-atom is not incident with u. We arrive at a contradiction
to condition (ii). If x2 ∈ A′ and x2 6= x1, then by applying Lemma 8 to A′, we have dG(y1) = dG(y2) = 2, contradicting to
condition (i).
(b) can be proved similarly to the proof in Lemma 8(b).
(c) If A1 = ∅, then |A| = 3 and G[A] ∼= K3 by Lemma 3(b). Furthermore, by Lemma 3(a), we have dA(x2) < dA(x2) and thus
dG(x2) = 3. Since by condition (ii), x1x2 is not a λ′-atom, it follows from Lemma 6 that dG(x1y1) = λ′(G) < dG(x1x2). Hence
dG(y1) ≤ dG(x2)− 1 = 2. Similarly, d(y2) ≤ 2, contradicting to condition (i).
Hence A1 6= ∅. We claim that A1 ∩ NG(u) 6= ∅, where NG(u) is the neighbor set of vertex u in G. In fact, if this is not true,
then by (a), (b) and Lemma 3(b), we see that ux1, ux2 ∈ E(G), and for every vertex z ∈ A1, dA(z) = 2 and zx1, zx2 ∈ E(G).
Since zx1 is not a λ′-atom of G, it follows from dG(zx1) > dG(x1y1) that dG(z) ≥ dG(y1) + 1 ≥ 3. On the other hand, by
Lemma 3(a), dA(z) < dA(z), and thus dG(z) ≤ 3. Hence dG(z) = 3 and dG(y1) = 2. Similarly, dG(y2) = 2, contradicting to
condition (i). The claim is proved.
Let z be a vertex in A1 ∩ NG(u). By (b), we have dA(z) ≤ 3. Then by Lemma 3(a), we have dG(z) ≤ 5. By Observation 1,
uz is not a λ′-atom of G. Then it follows from dG(uv) < dG(uz) that dG(v) ≤ dG(z)− 1 ≤ 4. Similarly, it can be proved that
dG(y1) ≤ 4 and dG(y2) ≤ 4. 
Theorem 3. Let G be a minimally restricted k-edge connected graph with k 6= 4. Then there are at least four edges with degree k.
Proof. Suppose there are only three edges xiyi (i = 1, 2, 3) with degree k in G, or equivalently, x1y1, x2y2 and x3y3 are the
only three λ′-atoms in G. We shall derive that k = λ′(G) = 4.
Case 1. There exists a λ′-atom which is not adjacent to other λ′-atoms.
Let x1y1 be such a λ′-atom, and A, A′ be two disjoint minimal λ′-fragments with property Px1y1 and property Py1x1 ,
respectively. Then |A| ≥ 3 and |A′| ≥ 3 in this case.
Claim 1. There is no λ′-atom in G[A] or G[A′].
Suppose, without loss of generality, that x2y2 ∈ G[A] is a λ′-atom. Then x2, y2 6= x1. Applying Lemma 5 to A′, there is
a third λ′-atom x3y3 ∈ G[A′] ∪ W (A′). If x3y3 6∈ W (A), then applying Lemma 7 to A might yield a fourth λ′-atom. Hence
x3y3 ∈ W (A)∩W (A′). Suppose that x3 ∈ A and y3 ∈ A′. By applying Lemma 8(b) to A′, we have dG(x3) = 2, hence dA(x3) ≤ 1,
contradicting to Lemma 3(b).
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Claim 2. There is no λ′-atom inW (A) \W (A′) orW (A′) \W (A).
Suppose, without loss of generality, that x2y2 is a λ′-atom in W (A) \ W (A′). By Lemma 5, there exists a λ′-atom
x3y3 ∈ E(G[A′]) ∪ W (A′). By Claim 1, we have x3y3 ∈ W (A′). Suppose y3 ∈ A′. Applying Lemma 8(b) to A′, we have
dG(x1) = dG(x3) = 2. It follows that dA(x1) ≤ 1. If x3y3 is not inW (A), then by Lemma 8(a), we see that A is also a minimal
λ′-fragment with property Px2y2 , and thus it follows from Lemma 3(b) that dA(x1) ≥ 2, a contradiction. Hence x3 ∈ A. But
then dA(x3) ≤ 1, again a contradiction to Lemma 3(b).
Claim 3. There is no λ′-atom with both ends outside of A ∪ A′.
Suppose, to the contrary, that such a λ′-atom exists, say x2y2. Applying Lemma 5 to A, in view of Claim 1 and Claim 2,
there is a λ′-atom x3y3 ∈ W (A) ∩W (A′). Similar to the proof of Claim 2, we arrive at a contradiction by using Lemma 8.
Summing up the above three claims, we have proved
Claim 4. All λ′-atoms are inW (A) ∩W (A′).
For i = 1, 2, 3, suppose xi ∈ A and yi ∈ A′. By Lemma 9(a) and Lemma 3(b), we have dG(xi) ≥ 3 and dG(yi) ≥ 3. By
Lemma 9(c), we have dG(xi) ≤ 4 and dG(yi) ≤ 4. By Lemma 3(a), we have dA(xi) < 12 · dG(xi) ≤ 2 and thus dA(xi) = 1.
Similarly, dA′(yi) = 1.
(i) First, consider the case that dG(xi) = dG(yi) = 4 for i = 1, 2, 3. In this case, λ′(G) = 6. Since dA(xi) = 1, we have
dA(xi) = 3. As a consequence, A1 = A \ {x1, x2, x3} 6= ∅. By Lemma 9(b), A1 is an independent set, and thus for each
z ∈ A1, dA(z) ≤ 3. By the connectedness of G[A], z is adjacent with some xi, say x1. Since x1z is not a λ′-atom, it follows from
dG(x1z) > dG(x1y1) that dG(z) ≥ dG(y1) + 1 = 5. By Lemma 3(b), dA(z) < dA(z). Hence dA(z) = 3, and dA(z) = 2. Then it
follows from
6 = λ′(G) = ω(A) = 3+ 2|A1|
that |A1| = 32 , which is impossible.
(ii) Next suppose at least one of xi’s and yi’s is of degree 3 in G. Then each edge xiyi has at least one end of degree 3. By the
Pigeon Hole Principle, at least one of the two sets {x1, x2, x3} and {y1, y2, y3} has at least two vertices of degree 3. Suppose,
without loss of generality, that dG(x1) = dG(x2) = 3. In this case, λ′(G) ≤ 5.
We claim that {x1, x2, x3} is an independent set. In fact, if dG(y1) = 3, then all the xi’s and yi’s are of degree 3, and
λ′(G) = 4. In this case, no other edge exists with both ends of degree 3. If dG(y1) = 4, then λ′(G) = 5, and no edge exists
with both ends of degree 3, no other edge exists with one end of degree 3 and the other end of degree 4. In any case, the
distribution of dG(xi)’s ensures that no xi is adjacent to xj for j 6= i.
As a consequence, A1 = A\{x1, x2, x3} 6= ∅. Similar to the argument in (i), it can be deduced that for any z ∈ A1, dG(z) ≥ 4,
dA(z) = 3, and dA(z) ≥ 1. Combining these with dG(x1) = 3 and dA(x1) = 1, we have |A1| = 2. Then by
5 ≥ λ′(G) = ω(A) ≥ 3+ |A1| = 5,
we have λ′(G) = 5 and dG(z) = 4 for any z ∈ A1. But then every edge zx1 has degree five and thus is a fourth λ′-atom, a
contradiction.
Case 2. For any λ′-atom, there exists another λ′-atom adjacent to it.
Denote by X the subgraph induced by the three λ′-atoms of G. Under the hypothesis of Case 2, there are three cases for
X: X ∼= K3 or X ∼= K1,3 or X ∼= P4 (the path on four vertices).
Subcase 2.1. X ∼= K3.
Denote by V (X) = {v1, v2, v3}. For i = 1, 2, 3, set Ai = V \ {vi+1, vi+2} (here, v4 = v1, v5 = v2).
We first claim that for each i, Ai is a minimal λ′-fragment with property Pvivi+1 . By symmetry, we only show that A1 is a
minimal λ′-fragment with property Pv1v2 . If this is not true, then there exists a minimal λ
′-fragment A′ ⊂ A1 with property
Pv1v2 . Note that |A′| ≥ 3. Applying Lemma 5 to A′ yields a fourth λ′-atom, a contradiction.
If V \ V (X) is an independent set in G, then G[A1] is a star with center v1, contradicting to Lemma 3(b). Hence we have
an edge z1z2 in G − X . Let B, B′ be two disjoint minimal λ′-fragments with property Pz1z2 and property Pz2z1 respectively.
Applying Lemma 5 to B and B′ respectively, we have B ∩ V (X) 6= ∅ and B′ ∩ V (X) 6= ∅. By the Pigeon Hole Principle, one of
|B ∩ V (X)| and |B′ ∩ V (X)| is 1. Suppose, without loss of generality, that B ∩ V (X) = {v1}. Then B is a minimal λ′-fragment
with property Pv1v2 which is properly contained in A1, a contradiction.
Subcase 2.2. X ∼= K1,3.
Denote by V (X) = {u, v1, v2, v3}, where u is the center of K1,3. Set Ai = V \ {u, vi}. Similar to the proof in Subcase
2.1, it can be shown that for each i, Ai is a minimal λ′-fragment with property Pvi+1u as well as with property Pvi−1u (here
v4 = v1, v0 = v3). In fact, if A1 is not a minimal λ′-fragment with property Pv2u, let A′ ⊂ A1 be a minimal λ′-fragment
with property Pv2u. Then |A′| ≥ 3. If v3 6∈ A′, then applying Lemma 5 to A′ yields a fourth λ′-atom; if v3 ∈ A′, then applying
Lemma 8 to A′, we have dG(u) = 2; both contradictions. Other cases can be seen symmetrically.
If V \ V (X) is independent, then every vertex z ∈ V \ V (X) has dG(z) ≤ 4. By Lemma 3(b), we have dAj(z) ≥ 2 for
j = 1, 2, 3, which implies zv1, zv2, zv3 ∈ E(G). Since dG(zv1) > dG(uv1), we have dG(z) ≥ d(u)+ 1 ≥ 4. Hence dG(z) = 4
and dG(u) = 3. But dG(z) = 4 implies that zu ∈ E(G) and thus dG(u) > 3, a contradiction.
Hence we have an edge z1z2 in G − X . Let B, B′ be two disjoint minimal λ′-fragments with property Pz1z2 and property
Pz2z1 respectively. Applying Lemma 5 to B and B
′ respectively, we have B ∩ V (X) 6= ∅ and B′ ∩ V (X) 6= ∅. If B ∩ V (X) = {vi}
for some i, then B is a λ′-fragment with property Pviu which is properly contained in Ai+1, a contradiction. If B∩ V (X) = {u},
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Fig. 1. A minimally restricted k-edge connected graph Gwith exactly four λ′-atoms.
Fig. 2. A minimally restricted 4-edge connected graph G in which there are exactly three λ′-atoms.
let C be a minimal λ′-fragment with property Puv1 contained in B. Applying Lemma 5 to C yields a fourth λ
′-atom, again a
contradiction. Similarly, |B′ ∩ V (X)| = 1 is also impossible. Hence |B ∩ V (X)| = |B′ ∩ V (X)| = 2. Suppose, without loss of
generality, that {v1, v2} ⊂ B and {u, v3} ⊂ B′. Then B is a λ′-fragment with property Pv1u which is properly contained in A3,
a contradiction.
Subcase 2.3. X ∼= P4.
In considering this subcase, we need more concepts. For three vertices u, v, w of G with uv, vw ∈ E(G), and a subset
A ⊂ V (G), we say that A has property Puvw if u, v ∈ A, w 6∈ A and |A| ≥ 3. A minimal λ′-fragment with property Puvw is a
λ′-fragment Awith property Puvw such that any proper subset of A is no longer a λ′-fragment with property Puvw . Note that
when we mention ‘property Puvw ’, the vertex subset must have at least three vertices. Hence a minimal λ′-fragment with
property Puvw ‘may’ contain a λ′-atom, but we shall see in the following that this does not matter.
Denote by V (X) = {v1, v2, v3, v4} where vi’s lie sequentially on the path. Let A = V \ {v2, v3}. Then A is a minimal λ′-
fragment with property Pv1v2 . In fact, if this is not true, then there exists a minimal λ
′-fragment A′ ⊂ A with property Pv1v2
(note that |A′| ≥ 3 and |A′| ≥ 3). If v4 6∈ A′, then applying Lemma 5 to A′ yields a fourth λ′-atom. If v4 ∈ A′, then by Lemma 8,
we have dG(v2) = dG(v3) = 2. Since dG(v1v2) = dG(v2v3) = dG(v3v4), we have dG(v1) = dG(v3) and dG(v2) = dG(v4).
Hence dG(v1) = dG(v4) = 2. But then dA′(v1) = dA′(v4) = 1, contradicting to Lemma 3(b). Similarly, A is also a minimal
λ′-fragment with property Pv4v3 . Then it follows from Lemma 3(b) that dG(vi) ≥ 3 (i = 1, 2, 3, 4).
If V \ V (X) is an independent set, then for each vertex z ∈ V \ V (X), NG(z) ⊆ X . By Lemma 3(b), we have dA(z) = 2
and v1z, v4z ∈ E(G). By dG(v1z) > dG(v1v2), we have dG(z) ≥ dG(v2) + 1 ≥ 4. On the other hand, by Lemma 3(a), we
have dG(z) < 2dA(z) = 4, a contradiction. So there is an edge z1z2 in G − X . Let B and B′ be two disjoint minimal λ′-
fragments with property Pz1z2 and property Pz2z1 respectively. Similar to the above, we see that |B| ≥ 3, |B′| ≥ 3, and|B∩V (X)| = |B′∩V (X)| = 2. Suppose, without loss of generality, that v1 ∈ B. If B∩V (X) = {v1, v4}, then B is a λ′-fragment
with property Pv1v2 which is properly contained in A. If B ∩ V (X) = {v1, v3}, let C ⊆ B be a minimal λ′-fragment with
property Pv3v2 . If v1 6∈ C , then applying Lemma 5 to C yields a fourth λ′-atom; if v1 ∈ C , then applying Lemma 8 to C results
in dG(v2) = 2; both contradictions. Hence B ∩ V (X) = {v1, v2}, and B′ ∩ V (X) = {v3, v4}. Thus B is a λ′-fragment with
property Pv1v2v3 . Let B1 ⊆ B be a minimal λ′-fragment with property Pv1v2v3 . Denote by B0 = B1 \ {v1, v2}.
Claim. B0 is an independent set.
In fact, if there exists an edge x1x2 in G[B0], then |B1| ≥ 4. Let B2 and B′2 be two disjoint minimal λ′-fragments with
property Px1x2 and property Px2x1 respectively. Then |B2| ≥ 3 and |B′2| ≥ 3.
We show that at least one of B2 and B′2 is contained in B1. Suppose, to the contrary, that B2 \ B1 6= ∅ and B′2 \ B1 6= ∅.
Replacing A and B in Lemma 4 by B2 and B1, we see that G[B2 ∩ B1] and G[B2 \ B1] are connected. Similarly, G[B′2 ∩ B1] and
G[B′2 \ B1] are also connected. If both |B2 ∩ B1| ≥ 2 and |B′2 ∩ B1| ≥ 2, then a contradiction can be obtained by a similar
argument as in Case 2 of Lemma 5. Hence |B2 ∩ B1| or |B′2 ∩ B1| is one, say |B2 ∩ B1| = 1. Then B2 ∩ B1 = {x1}. If G[B1 \ B2]
is not connected, let C1 and C2 be two connected components of G[B1 \ B2]. We may assume that v1, v2 ∈ V (C1). Thus
B1 \ V (C2) is a proper subset of B1 with property Pv1v2v3 (note that B1 \ V (C2) contains at least three vertices v1, v2 and x1).
SinceW (B1 \ V (C2)) is a restricted edge cut of G, and B1 \ V (C2) is not a λ′-fragment by the minimality of B1, we see that
Y. Hong et al. / Discrete Mathematics 309 (2009) 4448–4455 4455
ω(B1 \ V (C2)) > λ′(G). It follows from λ′(G) = ω(B1) = ω(B1 \ V (C2)) − dB1(C2) + dB1(C2) > λ′(G) − dB1(C2) + dB1(C2)
that dB1(C2) > dB1(C2) ≥ dB2(C2). On the other hand, applying Lemma 2 to B2, we have dB2(C2) ≥ dB2(C2) ≥ dB1(C2), a
contradiction. Hence G[B1 \ B2] is connected. Next, since B1 \ {x1} has at least three vertices and has property Pv1v2v3 , we see
that B1 \ {x1} is not a λ′-fragment. Combining this with the observation that both G[B1] − x1(= G[B1 \ B2]) and G[B1 ∪ {x1}]
are connected, we have ω(B1 \ {x1}) > λ′(G). Then a contradiction can be obtained by a similar argument as the above.
Suppose, without loss of generality, that B2 ⊂ B1. If B2 ∩ {v1, v2} = {v1} or {v2}, then B2 ⊂ B1 is a λ′-fragment with
property Pv1v2 or Pv2v1 . Applying Lemma 5 yields a fourth λ
′-atom, a contradiction. If B2 ∩ {v1, v2} = {v1, v2}, then B2 is a
λ′-fragment with property Pv1v2v3 , contradicting to the minimality of B1. Thus B2∩{v1, v2} = ∅. But then applying Lemma 5
to B2 yields a fourth λ′-atom of G. The claim is proved.
By ω(B1) = ω({v1, v2}) − |[B0, {v1, v2}]| + |[B0, B1]| and ω(B1) = ω({v1, v2}) = λ′(G), we have |[B0, {v1, v2}]| =
|[B0, B1]|. Then dB1(z) = dB1(z) for any z ∈ B0, since B0 is an independent set and dB1(z) ≥ dB1(z) (by Lemma 2). Hence|B0| = 1 because of the minimality of B1. Suppose B0 = {z0}. Then dG(z0) = dB1(z0)+ dB1(z0) = 2dB1(z0) ≤ 4. On the other
hand, suppose z0 is adjacent to v1, say. Then it follows from dG(v1z0) > dG(v1v2) that dG(v2) ≤ dG(z0) − 1 ≤ 3. Together
with dG(v2) ≥ 3, we see that dG(v2) = 3 and dG(z0) = 4. Thus v2z0 ∈ E(G). Similarly, by dG(v2z0) > dG(v2v3) we have
dG(v3) ≤ dG(z0)− 1 = 3. Together with dG(v3) ≥ 3, we see that dG(v3) = 3. So k = λ′(G) = dG(v2v3) = 4. 
Remark 1. The graph in Fig. 1 shows that the lower bound in Theorem 3 is best possible. In Fig. 1, Nt stands for an
independent set of t vertices. It can be seen that G is minimally restricted k-edge connected, and the blackened edges are
the only four λ′-atoms of G.
Remark 2. The graph G in Fig. 2 is a minimally restricted 4-edge connected graph. The blackened edges are the only three
λ′-atoms.
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